Section A

1.

10.

b (for an object moving in a circle, the net force must be directed
toward the center of the circle)

. b (for an object moving in a circle, the net force must be directed

toward the center of the circle)

¢ (use the radius of the path the object, in this case the moon, is
following)

a (Since the radius is 50 m, then one radian would correspond to an
arc length of 50 m. An arc length of 10 m is only one fifth of that.)

. d (You, and the Earth, make one revolution each day. There are 27

radians in one revolution.)

b (From Newton’s second law, the net torque is equal to the rotational
inertia times the angular acceleration; so, the correct choice must corre-
spond to the situation where the torque is maximum. Since the torque
is defined as the tangential force times the distance to the axis, the cor-
rect answer is the one that has the force directed tangentially “around
the axis” (the hinges in this case).)

a (The net torque must be zero; torque is the tangential force (the
gravitational force on the masses) times the distance from the pivot;
since the 50-g mass is 30 cm from the pivot, the 150-g mass must be
one-third as far and on the opposite side)

b (In this case, the stick is off-center so it is like having a 50 g object
placed 10 cm from the pivot; to balance that, you’d need to have the
100 g object 5 ¢cm from the pivot on the opposite side)

e (There are a couple ways to do this. The simplest way is to recognize
that the maximum velocity is equal to 2rA/T', where A is the amplitude
and T is the period. The period is is independent of the amplitude so
if the amplitude doubles then so does the maximum velocity)

e (when the object has reached its greatest speed, it is no longer speed-
ing up and it has not yet started to slow down)



11.

12.

a (The air rotates with the earth and, as it is pulled toward the center of
the hurricane, it spins faster in the same direction to conserve angular
momentum; this direction appears counter-clockwise in the northern
hemisphere)

¢ (Since they have the same shape, as they roll down the incline, both
have the same fraction of their kinetic energy involved in rotational
kinetic energy vs. translation kinetic energy)



Section B

1.

2.

(a) I forgot to provide the radius of the Earth (6.37 x 10° m; although
I specify it in problem 3) and the mass of the Earth (5.98 x 1024
kg; although you get to calculate it in problem 2), which allow you
to use the universal law of gravitation (F, = Gmymy/r?) with r
being the distance from the center of the astronaut to the center
of the Earth. Add the radius of the Earth to 350,000 m to get r
then solve to get a force of 620 N.

(b) For this, you can repeat the calculation from part (a) with r equal

to the radius of the Earth or you can simply use mg, where g is
9.8 N/kg. I get a force of 690 N.

For the moon to move in uniform circular motion, it must have a speed
equal to 27r/T. Converting the period into seconds (2.36 x 106 s), I
get a speed of 1.02 x 10% m/s.

Furthermore, the moon must be undergoing an acceleration (changing
directions) at a rate equal to 27v/T and directed toward the center of
the circle. Plugging in the speed and the period (converted to seconds),
I get an acceleration of 0.0146 m/s* (toward the Earth).

That means there must be a force acting on the moon equal to 2.72 x
1073 m/s? times the moon’s mass. Even though we don’t have the
mass, we can still continue (because the mass will cancel out later).

In this case, that force is being provided by the gravitational attraction
between the earth and the moon. Using the universal law of gravitation
and setting the gravitational force equal to the moon’s mass times the
acceleration, we have

Mearth™Mmoon _
GT—2 = Mumoon(2.72 x 1073 m/s?)

Here the mass of the moon cancels on both sides. Plugging in 3.88 x 108
m for the radius of the circle (i.e., radius of the moon’s orbit) and
6.67 x 107" Nm?/kg? for the gravitational constant, I get a mass of
6.04 x 10%* kg. This is slightly more than the actual value because the
center of the moon’s orbit is not coincident with the center of the earth.



3.

4.

(a) The speed is equal to the circumference divided by how long it
takes to go all the way around:

v = (2mr)/T
= 2m(6.37 x 10° m)/(24 x 3600 s)

which gives a speed of 463.2 m/s.

(b) The acceleration of an object in circular motion is directed toward
the center of the circle and has a magnitude equal to:

a. = (2mv)/T
= 27(463.2 m/s) /(24 x 3600 s)

which gives an acceleration of 0.0337 m/s? toward the center of
the Earth (center of circular path in this case).

(c) From Newton’s second law, the net force on the student must
equal the product of the student’s mass and acceleration:

F.o&. = ma
= (70 kg)(0.0337 m/s?)

which gives a net force of 2.36 N (toward the center of the circle).

(d) The gravitational force is equal to mg or 686 N. If that is equal
to the net force (i.e., that is the only force acting) then there is
no normal force at all. To find the velocity at which this would
be true, we work backwards. From Newton’s second law, the
acceleration would have to be Fye/m or 9.8 m/s?. Knowing the
acceleration, we can use a = v?/r to get the velocity (since r is
known). I get a speed of 7.9 x 103 m/s. This is the speed an object
must travel (at the earth’s surface) to be “in orbit” (i.e., without
falling down to the ground).

(a) This part describes a situation where information about the mo-
tion is provided (constant angular acceleration, initial and final
rotation rates) and asks about another aspect of the motion (an-
gular displacement). This requires us to use the definitions of
motion variables or, since the acceleration is constant in this case,



the relationships that are valid for constant acceleration:

Uavg = %(?71-1‘77})
AT = GA+ LG(AY?

You can use either one to solve the problem. However, since the
problem describes rotation, we should use rotational variables:

Wavg = 3(wi+ wr)

A = WAL+ La(Ar)?

This means that we can either determine the average angular ve-
locity (5 rev/s, since it starts at 10 rev/s and ends at zero) then
use the definition of average angular velocity (waye = Af/At) to
solve for the displacement:

A = wAt
= (5 rev/s)(15 s)

= 75 rev

or we can first determine the angular acceleration (—0.67 rev/s?,
since it takes 15 s to go from 10 rev/s down to zero) and then
solve for the displacement as follows:

AG = wAt+ La(At)?
= (10 rev/s)(15 s) 4+ £(—0.67 rev/s?)(15 s)?
= (150 rev) — (0.33 rev/s%)(225 s?)
= T75rev

which gives the same answer. Notice that the acceleration is nega-
tive because the object is slowing down and I used a positive value
for the initial angular velocity.

Since this question asks about work (which is related to force) and
the problem gives information about the motion then, at some
point, you will need use a version of Newton’s second law (either
Fo. = ma or Wy = AK).

Either way, since we are applying Newton’s second law to rotation,
we will first need to determine the rotational inertia /. Rotational



inertia is defined as mr? but for a disk the rotational inertia is
SMR?. Tt isn’t MR? because the mass is distributed between a
distance zero to a distance R from the rotation axis (i.e., the entire
mass is not at a distance R from the rotation axis). Plugging in
the mass (4 kg) and radius (2 m), we get a rotational inertia of 8
kg-m?.

Another thing to watch out for when using the rotational inertia
is that any angles must be given in radians. For example, we
can’t use w equal to 10 rev/s. Instead, we must convert this into
radians. Since one revolution is 27 radians, that means that the
disk is initially rotating at 207 rad/s.

As mentioned before, we will need to use either ﬁnet = ma or
Wiet = AK. Which you use is up to you. For example, you could
use the definition of work, which is torque times angular displace-
ment (for rotation). That means you’ll first need to calculate the
torque via Foe = ma (which, for rotation, is 7 = Ia). And that
means you’ll first have to determine the angular acceleration alpha
(which we might have determined in part (a) but we’d first have
to convert to radians per second squared).

An alternative way, and perhaps simpler way, is to use W,y =
AK. To determine the work this way, first determine the change in
kinetic energy. Kinetic energy is defined as %mv2 but for rotation
it is %I w?. Plugging in the initial angular velocity (in rad/s) and
the rotational inertia, I get:

Krot,i = %I(w)2
= 1(8 kg m*)(20m rad/s*)?
= 16007* J

which is 1.58 x 10* J. The final rotational kinetic energy is zero,
so the change in rotational kinetic energy is —1.58 x 10* J. This
must also be equal to the work done on the disk.

The work done is equal to the force times the displacement (in the
direction of the force). For rotation, this means the work is the
torque times the angular displacement. Since we know the work
and we know the angular displacement (75 rev, from before), we
can get the torque.



However, as in part (b), we must use the displacement in radians
in order for the units to work out. Again, as before, there are 2w
radians in every revolution. So, the angular displacement is 1507
radians.

The torque, then, is the work divided by the angular displacement.
I get 33.5 N-m.

5. There are three forces acting on the plank. One is the gravitational
force on the plank (15 kg times 9.8 N/kg = 147 N), acting at the
center of gravity (which, since the plank is uniform, is in the middle
of the plank, 1.5 m from each end). Another is the force exerted by
the weight of the child (30 kg times 9.8 N/kg = 294 N), acting at the
location of the child (unknown). The third is the force of the pivot
(unknown), acting at a point 1.0 m from one end.

We have two unknowns: the location of the child and the force of the
pivot. We can get the force of the pivot by balancing the upward and
downward forces. However, we aren’t asked for the force of the pivot
— we are asked for the location of the child. To get that, balance the
torques. Since we don’t know the force of the pivot, set the rotation
axis at that location, which means that torque of the pivot would be
zero about that axis.

The torque due to the gravitational force on the plank about that axis
is the force, 147 N, times the distance from where the force is acting to
the axis of rotation. Since we’ve set the axis of rotation at the pivot,
the distance is 0.5 m (from the middle of the plank to the pivot). That
gives a torque of 73.5 Nm.

The torque due to the child is the force, 294 N, times the unknown
distance. However, this torque must balance the other torque. Thus,
we have

(294 N)r =73.5 N-m

and, solving for r, we get a distance of 0.25 m. This is from the axis,
remember, so since we set the axis as the pivot (for this problem), the
child must be placed 0.25 m from the pivot or 0.75 from the end of the
plank (on the short side of the pivot).

6. The way to solve this is to first consider the torques acting on the
ladder. If we set the axis at the bottom, the torque exerted by the



7.

floor (about that axis) is zero. That is convenient since we don’t know
(or need to know what that force is). The only other torques acting on
the ladder is the one by gravity and the one by the wall. These should
balance out (assuming the ladder isn’t slipping).

To find the torque due to gravity, first identify the force of gravity. In
this case, the force is the mass (2 kg) times 9.8 N/kg. That means
the force is 19.6 N. To find the torque, we need the tangential part of
this. Multiply by the cosine of 60 degrees to get that (since the force
is directed 60 degrees from the tangential direction; draw a picture).
That gives a tangential force of 9.8 N. Multiply this by the distance to
the axis (2 m; since the center of gravity is at the center of the ladder)
to get a torque of 19.6 N-m (acting clockwise around the chosen axis).

To be balanced, the wall must be provided a counter torque equal to
19.6 N-m acting counter-clockwise. Since the force of the wall is 4 m
from the chosen axis, that means it must be exerting a tangential force
equal to 7/r or 4.9 N. This is only the tangential component of the
force. To find the total force, we divide by the cosine of 30 degrees
(since the force of the wall is directed 30 degrees from the tangential
direction; again draw a picture). This gives a force of 5.66 N.

(a) Since it is released 2 cm from the equilibrium position, it won’t
get more than 2 cm away from equilibrium. The amplitude of the
motion is 2 cm.

(b) The net force on the object at equilibrium is zero. That is why it
is called the equilibrium position — an object placed there at rest
will stay at rest at that location.

(¢) Assuming an ideal spring, where the force of the spring is pro-
portional to the displacement, the net force on the object at its
maxium displacement is equal to kx, where k is the spring con-
stant (spring strength) and x is the displacement (2 cm in this
case). Since hanging a 20-g weight (with gravitational force equal
to 0.02 kg times 9.8 N /kg) stretches the spring 3 cm, we have that

k = F/z
= (0.02 kg) x (9.8 N/kg)/(0.03 m)

which gives a spring constant of 6.53 N/m.



When stretched an additional 2 cm (which the spring is when the
object is 2 cm below the equilibrium position), the spring force
is (6.53 N/m)x(0.02 m) more. This means the net force there is
0.13 N.

There are several ways to find the acceleration. The easiest, per-
haps, is to use Newton’s second law. Since we already know the
net force at the lowest point (see part c), divide by the mass to
find the acceleration. I get an acceleration of 6.53 m/s?.

To find the period, we can use the fact that the maximum accel-
eration must equal 472A/T?, where A is the amplitude. Solving
for T', I get a period of 0.358 s.

The maximum speed (which occurs when the object is passing the
equilibrium point) is equal to 27 A/T. Plug in to get 0.361 m/s.



